Virtually Symmetric representations and marked Gauss diagrams by Bardakov, Valeriy G. et al.
ar
X
iv
:2
00
7.
07
84
5v
1 
 [m
ath
.G
T]
  1
5 J
ul 
20
20
VIRTUALLY SYMMETRIC REPRESENTATIONS AND MARKED GAUSS
DIAGRAMS
VALERIY G. BARDAKOV, MIKHAIL V. NESHCHADIM, AND MANPREET SINGH
Abstract. In this paper we define virtually symmetric representations of virtual braid group
V Bn and prove that many previously known representations are equivalent to virtually sym-
metric representations. Using a virtually symmetric representation we define virtual link group.
We define and study group system of virtual knots by defining marked Gauss diagrams as an
extension of Gauss diagrams. A marked Gauss diagram is a Gauss diagram with marked nodes
(signed vertices) on circles, and are not attached to arrows. In particular, we extend the defini-
tion of virtual link group to marked Gauss diagrams and define peripheral structure for 1-circle
marked Gauss diagrams. We define Cm-groups and prove that every irreducible C1-group can
be realized as the group of a marked Gauss diagram. We give an interpretation of marked
Gauss diagrams in terms of virtual spatial graph diagrams with marked nodes. We also study
peripherally specified homomorphic image of groups associated to marked Gauss diagrams.
1. Introduction
A link diagram is a generic projection of link onto a plane with over and under crossing
information at double points. Two link diagrams are equivalent if they are related by a finite
sequence of Reidemeister moves and planar isotopy. To each oriented link diagram one can
associate a Gauss diagram and for each Reidemeister move on link diagrams one can describe
the corresponding moves on Gauss diagrams. But there are many Gauss diagrams which do not
come from link diagrams. In 1996, L. Kauffman [32] introduced virtual links as a generalization of
classical knot theory. A virtual link diagram is a generic immersion of oriented circles into a plane
where double points are of two types: either they are decorated with over and under crossing
information or they are decorated with a small circle, called virtual crossings. Two virtual
link diagrams are said to be equivalent if they are related by a finite sequence of generalized
Reidemeister moves. Moreover, there is one-to-one correspondence between equivalence classes
virtual link diagrams and equivalence classes of Gauss diagrams. In [25], M. Goussarov, M.
Polyak and O. Viro studied virtual links in terms of Gauss diagrams and describe finite-type
invariants for virtual links. N. Kamada and S. Kamada [29] gave an interpretation of virtual links
as link diagrams on oriented surfaces, called abstract link diagrams. Also, G. Kuperberg [40]
studied virtual links as links in thickened surfaces. Analogous to a generalization of classical
knot theory to virtual knot theory, there is a generalization of classical braids to virtual braids by
L. Kauffman [32]. V. Vershinin [50] gave a presentation of virtual braid group V Bn. In [30], S.
Kamada proved analogous results of Alexander and Markov theorems for virtual braids. Also,
L. H. Kauffman and S. Lambropoulou [34] proved Markov theorem for virtual braids using
L-moves.
Key words and phrases. Virtual knot, Virtual knot group, Virtual spatial graph diagram, Marked Gauss
diagram, Marked link diagram, Peripheral subgroup.
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Unlike the fundamental group of a classical knot, there are several definitions for virtual knot
group (see, for example, [1–7,14,16,32,42,49]). To each virtual link diagram L, L. Kauffman [32]
assigned a group G0(L) by a adding generator for each arc from one under crossing to another
under crossing and adding relations at classical crossings as done in the case of classical link
diagram. One way to associate group to virtual link is via representation of virtual braid group
V Bn. In this paper we show that many known representations of virtual braid groups V Bn
are virtually symmetric, and have used one such virtually symmetric representation to define
virtual link group GM (L). An advantage of using a virtually symmetric representation is that
we can describe virtual link group GM (L) using Gauss diagrams too. We have also constructed
a linear, local, not homogeneous representation of a virtual braid group V Bn and have shown
that it is also equivalent to a virtually symmetric representation.
In [32], for each virtual knot K a peripheral subgroup of G0(K) is also defined. S. Kim [37]
studied this group system and observed many new and unexpected results. This motivates us
to define and study group system for virtual knots using groups GM (K). We define marked
Gauss diagrams which generalizes Gauss diagrams, and introduce an equivalence relation on
them generated by a sequence of moves, called marked Reidemeister moves. There is a canonical
injective map from equivalence classes of Gauss diagrams to equivalence classes of marked Gauss
diagrams. A marked Gauss diagram is a Gauss diagram with signed nodes on circles which are
not attached to any arrows. For each marked Gauss diagram D we assign a group ΠD and
define a peripheral subgroup. If D is a Gauss diagram, then the group ΠD is isomorphic to
the group GM (L), where L is the virtual link corresponding to D. In particular, we can define
group system for virtual knots.
Spatial graph theory (embedding of a graph in R3) is an another extension of classical knot
theory. L. Kauffman [33], S. Yamada [52], and D. Yetter [53], independently introduced Reide-
meister moves for spatial graph diagrams. In the paper [19], T. Fleming and B. Mellor combined
the concept of virtual links and spatial graphs and introduced virtual spatial graph theory. In
paper [12], L. Beineke and F. Harary introduced directed graphs in which nodes (vertices) are
assigned either positive or negative sign and called these graphs as marked digraphs (directed
graphs). Here we combine the concept of marked digraphs and virtual spatial graph theory
and define marked virtual spatial graph diagrams as virtual spatial graph diagrams with signed
nodes. In particular, we define marked virtual link diagram as a generic immersion of marked
cycles (having no common vertex with each other) in a plane with virtual and classical crossing
information at double points. Similar to assigning of Gauss diagram to virtual link diagram,
one can assign marked Gauss diagram to each marked virtual link diagram. Corresponding
to marked Reidemeister moves in marked Gauss diagrams we have defined moves for marked
virtual link diagrams and there is one-to-one correspondence between marked Gauss diagrams
and marked virtual link diagrams under the equivalence relation generated by moves in the
corresponding sets. In [17], Q. Deng, X. Jin, and L. Kauffman gave a topological interpretation
of virtual spatial graph diagrams. It would be interesting to know a topological interpretation
of marked virtual link diagrams.
For various aspects in spatial graph theory and virtual spatial graph theory we refer the reader
to papers [8, 26,31,33,36,41,45,52,53] and [17,19,20,35,44], respectively.
We also introduce the notion of Cm-groups, which are special type of C-groups introduced
by V. S. Kulikov [38], and prove that every irreducible C1-group can be realized as a group of
marked Gauss diagram. Moreover, we also study peripherally specified onto homomorphisms of
groups associated to marked Gauss diagrams.
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The paper is organized as follows. In Section 2, we recall some definitions and fix some
notations. In Section 3, we construct a linear, local and not homogeneous representation of
virtual braid group V Bn and prove that many known representations of V Bn are equivalent
to virtually symmetric representations, including the one we have constructed. In Section 4,
for a given virtual link L we define virtual link group GM (L) using a virtually symmetric
representation via different approaches. In Section 5, we define marked Gauss diagrams and
marked Reidemeister moves and define an equivalence class of marked Gauss diagrams under
the equivalence relation generated by these moves. We also associate a group to marked Gauss
diagrams and give some examples. In Section 6, we give an interpretation of marked Gauss
diagrams in terms of virtual spatial graph diagrams with signed nodes, and call such diagrams
as marked virtual link diagrams. Moreover, we define moves on marked virtual link diagrams
corresponding to marked Reidemeister moves. In Section 7, we prove that all irreducible C1-
groups can be realized as a group of some marked Gauss diagram. In Section 8, we define
meridian, longitude, peripheral subgroup and peripheral structure for 1-circle marked Gauss
diagrams, and prove analogous results as done in [37]. In Section 9, similar to the study of
peripherally specified homomorphic image of knot groups (see, for example, [18, 21, 27, 28, 37,
46]) we study peripherally specified homomorphic image of groups associated to marked Gauss
diagrams.
2. Preliminaries
Definition 2.1. TheArtin braid group Bn is the group generated by n−1 generators σ1, σ2, . . . , σn−1
and satisfy the following relations:
σiσi+1σi = σi+1σiσi+1 for i ∈ {1, 2, . . . , n− 2};
σiσj = σjσi where |i− j| ≥ 2 for i, j ∈ {1, 2, . . . , n− 1}.
Definition 2.2. The virtual braid group V Bn is the group generated by
σ1, σ2, . . . , σn−1, ρ1, ρ2, . . . , ρn−1 and satisfy the following relations:
• the relations of the braid group:
σiσi+1σi = σi+1σiσi+1 for i ∈ {1, 2, . . . , n− 2};
σiσj = σjσi where |i− j| ≥ 2 for i, j ∈ {1, 2, . . . , n− 1};
• the relations of the symmetric group:
ρ2i = 1 for i ∈ {1, 2, . . . , n− 1};
ρiρj = ρjρi where |i− j| ≥ 2 for i, j ∈ {1, 2, . . . , n− 1};
ρiρi+1ρi = ρi+1ρiρi+1 for i ∈ {1, 2, . . . , n − 2};
• the mixed relations:
σiρj = ρjσi where |i− j| ≥ 2 for i, j ∈ {1, 2, . . . , n− 1};
ρiρi+1σi = σi+1ρiρi+1 for i ∈ {1, 2, . . . , n − 2}.
If G1 and G2 be two groups, then G1 ∗G2 denotes the free product of G1 and G2.
Let Fn,n = Fn ∗ Z
n, where Fn = 〈x1, x2, . . . , xn〉 is the free group and Z
n = 〈v1, v2, . . . , vn〉 is
the free abelian group of rank n. In [4, Theorem 4.1], the representation ϕ : V Bn → Aut(Fn,n)
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of the virtual braid group V Bn into the automorphism group of the group Fn,n is defined by the
action on the generators:
ϕ(σi) :
{
xi 7→ xixi+1x
−1
i ,
xi+1 7→ xi,
ϕ(σi) :
{
vi 7→ vi+1,
vi+1 7→ vi,
ϕ(ρi) :


xi 7→ x
v−1i
i+1 ,
xi+1 7→ x
vi+1
i ,
ϕ(ρi) :
{
vi 7→ vi+1,
vi+1 7→ vi.
This representation is an extension of the Artin representation Bn → Aut(Fn). If we put
v1 = · · · = vn = 1, we get a representation ϕ0 : V Bn → Aut(Fn), which was defined by
V. Vershinin [50].
Now we will recall the definition of C-groups given by V. S. Kulikov [38, 39]. In [39], it was
proved that every C-group can be realized as the fundamental group of complement of some
n-dimensional (n ≥ 2) compact orientable manifold without boundary embedded in Sn+2.
Definition 2.3. A group G is called a C-group if it admits a presentation 〈X || R〉, where
X = {x1, x2, . . . , xn} and relations R are of the type w
−1
i,j xiwi,j = xj , for some xi, xj ∈ X and
some words wi,j in X
±1. Call such a presentation as C-presentation.
N. Gilbert, J. Howie [23] called these groups as LOG groups. In particular, fundamental
group of any classical link is a C-group.
Now we define Cm-groups which are special types of C-groups.
Definition 2.4. Let m be a non-negative integer. A group G is called a Cm-group if it can be
defined by a set of generators Y = X ∪ Vm, where X = {x1, x2, . . . , xn}, Vm = {v1, v2, . . . , vm}
and a set of relations R:
w−1i,j xiwi,j = xj, for some xi, xj ∈ X and some words wi,j in Y
±1;
vivj = vjvi, for all vi, vj ∈ Vm.
Presentation 〈Y || R〉 will be called as Cm-presentation.
Notice that all Cm-groups are Cm−1-groups for m ≥ 1. In particular, all Cm-groups are C-
groups. It is easy to see that if G is a Cm-group, then G
ab is a free abelian group. If we send all
generators xi (i = 1, 2, . . . , n) to unit, we get the free abelian group of rank m. If we send all
generators vj (j = 1, 2, . . . ,m) to unit, we get a C-group.
A C-group G is called irreducible if all generators in a C-presentation are conjugate to each
other in G. By analogy, we shall call a finitely generated C1-group G irreducible if all its
generators xi’s in a C1-presentation 〈Y || R〉, where Y = X ∪ V1 and xi ∈ X, are conjugate to
each other in G. Equivalently, its abelianization is the free abelian group of rank 2. Now we
will extend this definition to Cm-groups, m ≥ 1, as follows. Associate a graph (not directed)
Γm to Cm presentation 〈Y || R〉 with vertices x1, x2, . . . xn, and join vertex xi and xj by an
edge eji if there is an equation w
−1
i,j xiwi,j = xj in the set R. Cm-presentation 〈Y || R〉, m ≥ 1,
is called irreducible if the associated graph Γm has m-connected components. A Cm-group,
m ≥ 1, is called irreducible if it has an irreducible Cm-presentation. Equivalently, abelianization
of Cm-group is of rank 2m.
The deficiency of a group presentation is the number of generators minus the number of
relations. The deficiency of a finitely presented group G is defined as the maximum deficiency
of finite group presentations for G.
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Remark 2.5. Through out the paper ǫ and η are either +1 or −1 values.
3. Virtually symmetric representations
In this section we prove that some known representations of V Bn are equivalent to virtually
symmetric representations.
Definition 3.1. A representation ϕ : V Bn → Aut(H) of the virtual braid group V Bn into the
automorphism group of some group (or module) H = 〈h1, h2, . . . , hm || R〉 is called virtually
symmetric if for any generator ρi, i = 1, 2, . . . , n − 1, its image ϕ(ρi) is a permutation of the
generators h1, h2, . . . , hm.
Let ϕi : V Bn → Aut(H) (i = 1, 2) be two representations. We say ϕ1 and ϕ2 are equivalent
if there exist an automorphism φ : H → H such that ϕ1(β) = φ
−1 ◦ ϕ2(β) ◦ φ for all β ∈ V Bn.
Proposition 3.2. The representation ϕ : V Bn → Aut(Fn,n) is equivalent to a virtually sym-
metric representation.
Proof. Define an automorphism φ : Fn,n → Fn,n as
φ(xi) = x
(vivi+1...vn)
i
φ(vi) = vi, i = 1, . . . , n.
Thus we have a new representation ϕM : V Bn → Aut(Fn,n) of virtual braid group V Bn into the
automorphism group of Fn,n as
ϕM (β) = φ
−1 ◦ ϕ(β) ◦ φ, where β ∈ V Bn.
In particular,
ϕM (σi) :


xi 7→ xi x
vi
i+1 x
−1
i ,
xi+1 7→ x
v−1i+1
i ,
ϕM (σi) :
{
vi 7→ vi+1,
vi+1 7→ vi,
ϕM (ρi) :
{
xi 7→ xi+1,
xi+1 7→ xi,
ϕM (ρi) :
{
vi 7→ vi+1,
vi+1 7→ vi.
Notice that
ϕM (σ
−1
i ) :


xi 7→ x
vi
i+1,
xi+1 7→ x
−viv
−1
i+1
i+1 x
v−1i+1
i x
viv
−1
i+1
i+1 ,
ϕM (σ
−1
i ) :
{
vi 7→ vi+1,
vi+1 7→ vi.
Clearly, ϕM is a virtually symmetric representation. 
3.1. Generalized Artin representation. Let Fn+1 = 〈x1, x2, . . . , xn, v〉 is the free group of
rank n + 1. In papers [1, 42], the representation ϕ0 : V Bn → Aut(Fn+1) of the virtual braid
group V Bn into the automorphism group of the group Fn+1 is defined by the action on the
generators:
ϕ0(σi) :
{
xi 7→ xixi+1x
−1
i ,
xi+1 7→ xi,
ϕ0(ρi) :
{
xi 7→ x
v−1
i+1 ,
xi+1 7→ x
v
i ,
where v is fixed.
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Define an automorphism φ : Fn+1 → Fn+1 as
φ(xi) = x
vn−i
i , i = 1, . . . , n,
φ(v) = v.
Thus we have a new representation ϕ˜0 : V Bn → Aut(Fn+1) of virtual braid group V Bn into the
automorphism group of Fn+1 as
ϕ˜0(β) = φ
−1 ◦ ϕ0(β) ◦ φ, where β ∈ V Bn.
We have
ϕ˜0(σi) :
{
xi 7→ xi x
v
i+1 x
−1
i ,
xi+1 7→ x
v−1
i ,
ϕ˜0(ρi) :
{
xi 7→ xi+1,
xi+1 7→ xi.
Thus ϕ0 is equivalent to a virtually symmetric representation.
3.2. The Silver-Williams representation. Let Fn,n+1 = Fn∗Z
n+1, where Fn = 〈x1, x2, . . . , xn〉
is the free group of rank n and Zn+1 = 〈u1, u2, . . . , un, v〉 is the free abelian group of rank n+1.
Using the definition of the generalized Alexander group for virtual links given by D. Silver and S.
Williams [49], in the paper [4] were constructed the representation ϕSW : V Bn −→ Aut(Fn,n+1)
of the virtual braid group V Bn into the automorphism group of the group Fn,n+1 defined by the
action on the generators:
ϕ(σi) :
{
xi 7→ xix
ui
i+1x
−vui+1
i ,
xi+1 7→ x
v
i ,
ϕ(σi) :
{
ui 7→ ui+1,
ui+1 7→ ui,
ϕ(ρi) :
{
xi 7→ xi+1,
xi+1 7→ xi,
ϕ(ρi) :
{
ui 7→ ui+1,
ui+1 7→ ui
where v is fixed. This representation is a virtually symmetric representation.
3.3. Boden-Dies representation. Let Fn,2 = Fn ∗ Z
2, where Fn = 〈x1, x2, . . . , xn〉 is the free
group and Z2 = 〈u, v〉 is the free abelian group of rank 2. In the paper [14], the representation
ϕBD : V Bn → Aut(Fn,2) of the virtual braid group V Bn into the automorphism group of the
group Fn,2 is defined by the action on the generators:
ϕBD(σi) :
{
xi 7→ xixi+1x
−u
i ,
xi+1 7→ x
u
i ,
ϕBD(ρi) :
{
xi 7→ x
v−1
i+1 ,
xi+1 7→ x
v
i ,
where u, v are fixed.
Define an automorphism φ : Fn,2 → Fn,2 as
φ(xi) = x
vn−i
i , i = 1, . . . , n,
φ(u) = u,
φ(v) = v.
Thus we have a new representation ϕ˜BD : V Bn → Aut(Fn,2) of virtual braid group V Bn into
the automorphism group of Fn,2 as
ϕ˜BD(β) = φ
−1 ◦ ϕBD(β) ◦ φ, where β ∈ V Bn.
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We have
ϕ˜BD(σi) :
{
xi 7→ xi x
v
i+1 x
−u
i ,
xi+1 7→ x
uv−1
i ,
ϕ˜BD(ρi) :
{
xi 7→ xi+1,
xi+1 7→ xi,
where u, v are fixed. Thus ϕBD is equivalent to a virtually symmetric representation.
3.4. Extended Wada representations. Let Fn,n = Fn ∗ Z
n, where Fn = 〈x1, x2, . . . , xn〉 is
the free group and Zn = 〈v1, v2, . . . , vn〉 is the free abelian group of rank n. M. Wada [51]
defined representations w1,r, r ∈ Z, w2, w3 of Bn into Aut(Fn). Define extensions of Wada
representations w : V Bn → Aut(Fn,n), where w = w1,r, w2 or w3 to the virtual braid group V Bn
by the action on the generators:
w1,r(σi) :
{
xi 7→ x
r
ixi+1x
−r
i ,
xi+1 7→ xi,
w1,r(σi) :
{
vi 7→ vi+1,
vi+1 7→ vi,
w1,r(ρi) :
{
xi 7→ x
v−1i
i+1 ,
xi+1 7→ x
vi+1
i ,
w1,r(ρi) :
{
vi 7→ vi+1,
vi+1 7→ vi,
w2(σi) :
{
xi 7→ xix
−1
i+1xi,
xi+1 7→ xi,
w2(σi) :
{
vi 7→ vi+1,
vi+1 7→ vi,
w2(ρi) :
{
xi 7→ x
v−1i
i+1 ,
xi+1 7→ x
vi+1
i ,
w2(ρi) :
{
vi 7→ vi+1,
vi+1 7→ vi,
w3(σi) :
{
xi 7→ x
2
i xi+1,
xi+1 7→ x
−1
i+1x
−1
i xi+1,
w3(σi) :
{
vi 7→ vi+1,
vi+1 7→ vi,
w3(ρi) :
{
xi 7→ x
v−1i
i+1 ,
xi+1 7→ x
vi+1
i ,
w3(ρi) :
{
vi 7→ vi+1,
vi+1 7→ vi,
In the case v1 = v2 = · · · = vn these extensions were studied in [43].
Define an automorphism of Fn,n as
φ(xi) = x
(vivi+1...vn)
i
φ(vi) = vi, i = 1, . . . , n.
Thus we have a new representation w˜ : V Bn → Aut(Fn+1) of virtual braid group V Bn into the
automorphism group of Fn+1 as
w˜(β) = φ−1 ◦ w(β) ◦ φ, where β ∈ V Bn, w = w1,r, w2 or w3.
We have
w˜1,r(σi) :
{
xi 7→ x
r
ix
vi
i+1x
−r
i ,
xi+1 7→ x
v−1i+1
i ,
w˜1,r(σi) :
{
vi 7→ vi+1,
vi+1 7→ vi,
w˜1,r(ρi) :
{
xi 7→ xi+1,
xi+1 7→ xi,
w˜1,r(ρi) :
{
vi 7→ vi+1,
vi+1 7→ vi,
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w˜2(σi) :
{
xi 7→ xix
−vi
i+1xi,
xi+1 7→ x
v−1i+1
i ,
w˜2(σi) :
{
vi 7→ vi+1,
vi+1 7→ vi,
w˜2(ρi) :
{
xi 7→ xi+1,
xi+1 7→ xi,
w˜2(ρi) :
{
vi 7→ vi+1,
vi+1 7→ vi,
w˜3(σi) :
{
xi 7→ x
2
i x
vi
i+1,
xi+1 7→ x
−viv
−1
i+1
i+1 x
−v−1i+1
i x
viv
−1
i+1
i+1 ,
w˜3(σi) :
{
vi 7→ vi+1,
vi+1 7→ vi,
w˜3(ρi) :
{
xi 7→ xi+1,
xi+1 7→ xi,
w˜3(ρi) :
{
vi 7→ vi+1,
vi+1 7→ vi,
Thus extended Wada representations are equivalent to virtually symmetric representations.
3.5. Linear representations of the braid group. Let R be an integral domain. A linear
representation ϕ : Bn → GLn(R) is called local if
ϕ(σi) = I
i−1 ⊕Mi ⊕ I
n−i−1, i ∈ {1, 2, . . . , n− 1},
where Ik is the identity matrix of order k and Mi is a matrix of order 2, i = 1, 2, . . . , n − 1,
with entries from ring R. If M1 = M2 = · · · = Mn−1, then ϕ : Bn → GLn(R) is called
homogeneous representation. A definition of a linear local and a homogeneous representation
Sn → GLn(R) is the same, where Sn is the symmetric group of degree n. Then a linear
representation ϕ : V Bn → GLn(R) is called local (homogeneous) if its restrictions on Bn and
Sn are local (homogeneous).
In the following proposition we construct a linear, local, and not-homogeneous representation
of Bn, but unfortunately it does not give anything new due to Proposition 3.4
Proposition 3.3. The following map ϕ : Bn → GLn(Z[t
±1, µ±11 , µ
±1
2 , . . . , µ
±1
n−1]) that is defined
on the generators:
ϕ(σi) = I
i−1 ⊕
(
1− t µi
tµ−1i 0
)
⊕ In−i−1, i = 1, 2, . . . , n− 1,
is a representation of Bn. If µi = t for all i = 1, 2, . . . , n−1, then it is the Burau representation.
Proposition 3.4. The representation ϕ is equivalent to the Burau representation.
Proof. Let φ be the automorphism of the free module V with the basis e1, e2, . . . , en over the
ring R = Z[t±1, µ±11 , µ
±1
2 , . . . , µ
±1
n−1] which is defined on the basis:
φ :


e1 → e1,
e2 → µ
−1
1 e2,
...
en → µ
−1
1 µ
−1
2 . . . µ
−1
n−1en.
Consider the representation ϕ˜ defined as ϕ˜(β) = φ−1ϕ(β)φ. Then
ϕ˜(σi) = φ
−1ϕ(σi)φ =


ei → (1− t)ei + ei+1,
ei+1 → tei,
ej → ej, j 6= i, i+ 1,
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Hence, ϕ˜ is the Burau representation.

We know that the Burau representation is not faithful for n > 4 as S. Bigelow [13] shows that
there are elements b1 ∈ B5 and b2 ∈ B6 which lie in the kernel of the Burau representation (see,
for example, [9]). These elements are
b1 = [c
−1
1 σ4c1, c
−1
2 σ4σ3σ2σ
2
1σ2σ3σ4c2], b2 = [d
−1
1 σ3d1, d
−1
2 σ3d2],
where
c1 = σ
−1
3 σ2σ
2
1σ2σ
3
4σ3σ2, c2 = σ
−1
4 σ3σ2σ
−2
1 σ2σ
2
1σ
2
2σ1σ
5
4 , d1 = σ4σ
−1
5 σ
−1
2 σ1, d2 = σ
−1
4 σ
2
5σ2σ
−2
1 .
From the result [10, Theorem 5.3], it follows that there does not exist a linear local, homoge-
neous, faithful representation of Bn for n > 4.
Question 3.5. Is there a linear local, faithful representation of Bn for n > 4?
3.6. Linear representations of the virtual braid group. In the paper [11, Section 7], A.
Bartholomew and R. Fenn consider a linear, local, homogeneous representation ϕ : V Bn →
Z[t±1, µ±1] defined as:
σi 7→ I
i−1 ⊕
(
1− t µ
tµ−1 0
)
⊕ In−i−1,
ρi 7→ I
i−1 ⊕
(
0 1
1 0
)
⊕ In−i−1
Clearly, the representation ϕ : V Bn → Z[t
±1, µ±1] is a virtually symmetric.
Here we have constructed a linear, local and not-homogeneous representation of V Bn. We
leave the proof of following proposition safely to the reader. It requires to check that the map
satisfies the relations of group V Bn.
Proposition 3.6. The following map ψ : V Bn → GLn(Z[t
±1, q±1, t±11 , t
±1
2 , . . . , t
±1
n−1]) that is
defined on the generators:
ψ(σi) = I
i−1⊕
(
1− t qt−1i
ttiq
−1 0
)
⊕In−i−1, ψ(ρi) = I
i−1⊕
(
0 t−1i
ti 0
)
⊕In−i−1, i = 1, 2, . . . , n−1,
is a representation of V Bn.
Let R = Z[t±1, q±1, t±11 , t
±1
2 , . . . , t
±1
n−1] be the ring and V be a free R-module with basis
e1, e2, . . . , en, then we can consider ψ as a representation V Bn → GL(V ), where
ψ(σi) =


ei → (1− t)ei + qt
−1
i ei+1,
ei+1 → ttiq
−1ei,
ej → ej , j 6= i, i+ 1,
ψ(ρi) =


ei → t
−1
i ei+1,
ei+1 → tiei,
ej → ej , j 6= i, i+ 1.
The following proposition generalizes the result from [11].
Proposition 3.7. The representation ψ is equivalent to a virtually symmetric representation,
which is a local, homogeneous representation.
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Proof. Let θ be the automorphism of V , which is defined on the basis:
θ =


e1 → e1,
e2 → t1e2,
...
en → t1t2 . . . tn−1en.
Consider the representation ψ˜ = θ−1ψθ. This representation is equivalent to ψ and is a virtually
symmetric representation. Indeed,
ψ˜(σi) =


ei → (1− t)ei + qei+1,
ei+1 → tq
−1ei,
ej → ej , j 6= i, i+ 1,
ψ˜(ρi) =


ei → ei+1,
ei+1 → ei,
ej → ej , j 6= i, i+ 1.

4. Virtual link groups
In this section we have used the representation ϕM : V Bn → Aut(Fn,n), which is virtually
symmetric representation as shown in Proposition 3.2, to associate a group to virtual links using
various approaches.
4.1. The braid approach. For a given representation of virtual braid group V Bn into the
automorphism group of some group or module, one can assign a group to any braid β ∈ V Bn as
described in the papers [2, 4]. Let ϕ : V Bn → Aut(H) be a representation of the virtual braid
group V Bn into the automorphism group of some group H = 〈h1, h2, . . . , hm || R〉, where R is
the set of defining relations. For given β ∈ V Bn associate the following group:
Gϕ(β) = 〈h1, h2, . . . , hm || R, hi = ϕ(β)(hi), i = 1, 2, . . . ,m〉.
Let us denote G(β) and GM (β) be the groups associated to β ∈ V Bn corresponding to the
representations ϕ : V Bn → Aut(Fn,n) and ϕM : V Bn → Aut(Fn,n), respectively.
Following result can be proved on similar lines as done in [4, Section 6].
Theorem 4.1. If β ∈ V Bn and β
′ ∈ V Bm are two virtual braids such that their closure define
the same link L, then G(β) ∼= G(β′).
From the above theorem it follows that the group G(β) is an invariant of the link L.
Theorem 4.2. Let β ∈ V Bn. Then G(β) ∼= GM (β).
Proof. Let β ∈ V Bn. Then we have a following presentation
GM (β) = 〈x1, . . . , xn, v1, . . . , vn | [vi, vj ] = 1, ϕM (β)(xi) = xi, ϕM (β)(vj) = vj〉.
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Consider the map φ : Fn,n → Fn,n defined in Proposition 3.2. Thus
GM (β) ∼= 〈x1, . . . , xn, v1, . . . , vn || [vi, vj ] = 1, φ
(
ϕM (β)(xi)
)
= φ(xi), φ
(
ϕM (β)(vj)
)
= vj〉
∼= 〈x1, . . . , xn, v1, . . . , vn || [vi, vj ] = 1, ϕ(β)
(
φ(xi)
)
= φ(xi), ϕ(β)
(
φ(vj)
)
= vj〉
∼= 〈x1, . . . , xn, v1, . . . , vn || [vi, vj ] = 1,
(
ϕ(β)(xi)
)vi...vn = xvi...vni , ϕ(β)(vj) = vj〉
∼= 〈x1, . . . , xn, v1, . . . , vn || [vi, vj ] = 1, ϕ(β)(xi) = xi, ϕ(β)
(
vj
)
= vj〉
∼= G(β).

Corollary 4.3. If β ∈ V Bn and β
′ ∈ V Bm are two virtual braids such that their closure define
the same link L, then GM (β) ∼= GM (β
′), i.e, the group GM (β) is a link invariant.
4.2. The diagram approach. Let DL be a virtual link diagram of a virtual m-component link
L. Divide the diagram into arcs from one classical crossing to another one and enumerate all
components of DL by numbers from 1 to m. Let a, b, c . . . be labels corresponding to each arc.
A virtual link group GM (DL) of the link L corresponding to a diagram DL is the group gener-
ated by elements a, b, c, . . . , vi, i = 1, . . . ,m and defined by the system of relations corresponding
to each classical crossing shown in Figure 1, along with the commutativity of all vi’s with each
other. Moreover, there are no relations at virtual crossings.
jth componentjth componentith component ith component
c = bvi ,
d = b−viv
−1
j av
−1
j bviv
−1
j .
c = abvia−1,
d = av
−1
j .
Positive Negative Virtual
a b
c d
a
c
b
d
a
a
b
b
Figure 1. Crossing relations.
If D′(L) is another diagram representing L, then DL and D
′(L) are equivalent under finite
sequence of generalized Reidemeister moves shown in Figure 8 upto planar isotopy. The following
statement is an analogous to the case of classical link diagrams and is easy to prove.
Proposition 4.4. If DL and D
′
L are two diagrams of a virtual link L, then groups GM (DL)
and GM (D
′
L) are isomorphic. Hence GM (DL) is an invariant of L.
We also note down the following result.
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Proposition 4.5. Let L be a virtual link, DL be its diagram, β be a braid such that its closure
βˆ is equivalent to L, then GM (DL) ∼= GM (β). Denote GM (L) := GM (DL).
Remark 4.6. Let β ∈ V Bn such that the closure of β is a one component virtual link. Then
GM (β) ∼= Gϕ˜0(β), where ϕ˜0 is Generalized Artin representation (see Subsection 3.1).
Remark 4.7. If we put all v′is equal to 1 in GM (L), then we get a group G0(L) defined by
L. Kauffman [32].
4.3. Gauss diagram approach. A Gauss diagram consists of finite number of circles oriented
anticlockwise with finite number of signed arrows whose head and tail lie on circles. If head and
tail of an arrow lie on the same circle, then we will call it a chord. For each virtual link diagram
one can construct a Gauss diagram. There is one-to-one correspondence between virtual links
and Gauss diagrams considered upto moves shown in Figure 2. See [25,32,47] for more details.
Figure 2. Moves on Gauss diagrams corresponding to Reidemeister moves.
An advantage of using the representation ϕM : V Bn → Aut(Fn,n) over ϕ : V Bn → Aut(Fn,n)
is that one can describe virtual link group GM (L) in terms of Gauss diagram as follows. Let
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D be a Gauss diagram with m circles corresponding to the virtual link L. Identify circles
with numbers from 1 to m, and add generator vi, 1 ≤ i ≤ m, with relations vivj = vjvi for
1 ≤ i, j ≤ m. If we cut the circles at head and tail of each arrow, then circles of D are divided
into set of arcs. To each of these arcs there corresponds a generator of the group. Each arrow
gives two relations under the following rules.
• If the sign of an arrow is +1, its tail is the final point of an arc labeled b and initial point
of an arc labeled c, where b and c lies on the jth circle, and its head is the final point of
an arc labeled a and the initial point of an arc labeled d, where a and d lies on the ith
circle, then we assign the following relations to this arrow:
c = bvi ,
d = b−viv
−1
j av
−1
j bviv
−1
j .
• If the sign of an arrow is −1, its tail is the final point of an arc labeled a and initial
point of an arc labeled d, where a and d lies on the ith circle, and its head is the final
point of an arc labeled b and the initial point of an arc labeled c, where b and c lies on
the jth circle, then we assign the following relations to this arrow:
c = abvia−1,
d = av
−1
j .
Denote the group assigned to D using the above rules by πD. Clearly, πD is an irreducible
Cm-group. Notice that πD ∼= GM (L).
5. marked Gauss diagrams
In this section we will define and study Gauss diagrams with additional structure. We will
extend the notion of virtual link group to these diagrams.
Definition 5.1. A marked Gauss diagram consists of finite number of circles oriented anticlock-
wise with finite number of signed arrows whose head and tail lie on circles, and finite number
of signed nodes lying on circles and not attach to arrows. If head and tail of an arrow lie on the
same circle, then we will call it a chord.
Figure 3 has two 1-circle marked Gauss diagrams and Figure 4 has a 3-circle marked Gauss
diagram.
Figure 3. Two 1-circle marked Gauss diagrams.
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Figure 4. A 3-circle marked Gauss diagram.
We will consider marked Gauss diagrams upto the equivalence relation generated by finite
sequence of moves shown in Figure 2 and Figure 5. In Figure 5, moves involving arcs belong to
ith circle in a given marked Gauss diagram. Moreover, moves in Figure 2 and 5 will collectively
be called marked Reidemeister moves.
Figure 5. Additional moves on marked Gauss diagrams.
It is clear from Figure 5 that marked Gauss diagrams are proper generalization of Gauss
diagrams, i.e., there is a canonical injective map from equivalence classes of Gauss diagrams to
equivalence classes of marked Gauss diagrams.
Now to each marked Gauss diagram we will associate a group as follows. Let D be a marked
Gauss diagram with m circles. Identify circles with numbers from 1 to m, and add generator
vi, 1 ≤ i ≤ m, with relations vivj = vjvi for 1 ≤ i, j ≤ m. Cut the circles at head and tail of
each arrow and at node points. Then circles of D are divided into set of arcs. To each of these
arcs there corresponds a generator of the group. For each arrow we add two relations under the
following rules.
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• If the sign of an arrow is +1, its tail is the final point of an arc labeled b and initial point
of an arc labeled c, where b and c lies on the jth circle, and its head is the final point of
an arc labeled a and the initial point of an arc labeled d, where a and d lies on the ith
circle, then we assign the following relations to this arrow:
c = bvi
d = b−viv
−1
j av
−1
j bviv
−1
j .
• If the sign of an arrow is −1, its tail is the final point of an arc labeled a and initial
point of an arc labeled d, where a and d lies on the ith circle, and its head is the final
point of an arc labeled b and the initial point of an arc labeled c, where b and c lies on
the jth circle, then we assign the following relations to this arrow:
c = abvia−1
d = av
−1
j .
And for each node we add one relation as follows. If the node over the circle i is the final
point of arc labeled x and initial point of arc labeled y, then we add relation y = xv
η
i where η
is sign of the node. This group will be denoted by ΠD and is called the group of the marked
Gauss diagram. Clearly, ΠD is an irreducible Cm-group. One can check that the group ΠD is
invariant under marked Reidemeister moves. Moreover, if D is a Gauss diagram, then ΠD ∼= πD.
Therefore, the notion of a virtual link group is extended to marked Gauss diagrams.
Proposition 5.2. Number of nodes, and sum and product of sign of nodes in a given marked
Gauss diagram are invariant under marked Reidemeister moves.
Proof. It is easy to observe that under any move given in Figure 2 and Figure 5, the number of
nodes, and sum and product of sign of nodes do not change. 
Figure 6. Marked Gauss diagrams with isomorphic groups.
Example 5.3. In Figure 6, D1 has presentation 〈a, v || a = a
v−1〉 and D2 has presentation
〈b, v || b = bv〉. Clearly ΠD1
∼= ΠD2
∼= Z2. But these diagrams D1 and D2 are not equivalent as
the sum of sign of nodes are not equal. Moreover, in D3, we have equal number of positive and
negative nodes and no chords, thus ΠD3
∼= Z ∗ Z.
Let T denotes a Gauss diagram corresponding to a trivial knot. Then we have a following
result.
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Proposition 5.4. There exist infinitely many marked Gauss diagrams with associated group
isomorphic to ΠT = Z ∗ Z.
Proof. Let D be a 1-circle marked Gauss diagram with equal number of positive and negative
nodes and no chords. Then clearly, ΠD ∼= ΠT = Z ∗ Z. 
Proposition 5.5. The group associated to a given 1-circle marked Gauss diagram is an irre-
ducible C1-group of deficiency 1 or 2 and its second homology group is cyclic.
Proof. Let D be a 1-circle marked Gauss diagram and ΠD be the group associated to it having
deficiency d. Then the group ΠD has a presentation P with n+ d generators xi and n relations
rj. Let X be the presentation complex of P. The cellular chain complex of X is
. . .→ 0→ Zn
∂2→ Zn+d
∂1→ Z.
Since ΠD is an irreducible C1-group and ∂1 = 0, we have d ≤ 2. Thus ΠD has deficiency
either 1 or 2. Similarly, H2(X) is 0 for d = 2 and Z for d = 1. Moreover, X is the 2-skeleton of
Eilenberg-MacLane space K(ΠD, 1), hence H2(ΠD) is cyclic. 
Corollary 5.6. Every virtual knot group has deficiency 1 or 2, and its second homology group
is cyclic.
Example 5.7. Let K be a classical knot. Then by Remark 4.6, [2, Proposition 4], and Theorem
4.2, GM (K) ∼= G0(K) ∗ 〈v〉 and hence is of deficiency 2, and H2
(
GM (K)
)
= 0.
Example 5.8. Let G be an irreducible C-group such that H2(G) 6= 0 and G
∗ = G ∗ 〈v〉 be the
free product of G and 〈v〉. Since H2(G
∗) = H2(G) ⊕H2(Z) = H2(G), H2(G
∗) 6= 0. In Section
7, we shall show that G∗ is the group of some marked Gauss diagram. Thus G∗ is the group
of a marked Gauss diagram with deficiency 1. In [24], C. Gordon gave a family of irreducible
C-groups whose second homology groups are Z, and in [15], A. Brunner, E. Mayland, and J.
Simon constructed an irreducible C-group with second homology group of order 2.
6. Marked virtual link diagrams
In this section we give an interpretation of marked Gauss diagrams in terms of diagrams which
nearly look like virtual link diagrams.
Let G = (V,E) be a directed graph, where V denotes the set of vertices and E denotes the set of
directed edges. A diwalk is an alternating sequence of vertices and edges v0, e1, v1, . . . , vn−1, en, vn
with edge ei directed from vi−1 to vi, v0, v1, . . . , vn ∈ V and e1, e2, . . . en ∈ E . A directed cycle
is a diwalk in which all vertices except the first and last are different. From now onward by a
cycle we mean directed cycle.
In the paper [12], L. Beineke and F. Harary introduced marked graphs. A directed graph is
called marked if each vertex is assigned either positive or negative sign. We define marked cycles
as a marked graph consisting only of cycles and no cycle shares a common vertex with another
cycle. See Figure 10.
In [19], T. Fleming and B. Mellor defined virtual spatial graph diagram as a generic immersion
of directed graph G in R2 where the double points are either classical crossings or virtual
crossings. Now we will define marked virtual spatial graph diagram and marked virtual link
diagrams.
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Definition 6.1. A marked virtual spatial graph diagram is a virtual spatial graph diagram with
each vertex designated as being either positive or negative, i.e., generic immersion of marked
graph in R2 with information of virtual and classical crossings.
Definition 6.2. A marked virtual link diagram is generic immersion of marked cycles in R2 with
information of virtual and classical crossings. If it is one component diagram, then we will call
it as marked virtual knot diagram.
It is clear that for a given marked Gauss diagram one can draw a marked virtual link diagram
and other way round is also true. See Figure 7.
Figure 7. Marked virtual knot diagram and its marked Gauss diagram.
We say two marked virtual link diagrams are equivalent if they are related by a finite sequence
of moves shown in Figure 8 and Figure 9. It is clear that there is one-to-one correspondence
between equivalence classes of marked Gauss diagrams and equivalence classes of marked virtual
link diagrams. In Figure 11, we add forbidden moves on marked virtual link diagrams. In (FII)
move, ith-component is not equal to jth-component and ǫ 6= η.
Figure 8. Generalized Reidemeister moves.
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Figure 9. Mixed Reidemeister moves for marked virtual links.
Figure 10. Illustration of marked cycles.
Figure 11. Forbidden Reidemeister moves for marked virtual links.
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Let D be a marked Gauss diagram and DL a corresponding marked virtual link diagram.
Then the group ΠD can be defined from DL using the relations given in Figure 12.
jth componentjth componentith component ith component
c = bvi ,
d = b−viv
−1
j av
−1
j bviv
−1
j .
c = abvia−1,
d = av
−1
j .
Positive Negative Virtual
a b
c d
a
c
b
d
a
a
b
b
a
b
η
ith component
b = av
η
i .
Figure 12. Crossing relations in virtual link diagrams.
7. Realization of irreducible C1-groups
In this section we will show that every irreducible C1-group is the group of some 1-circle
marked Gauss diagram.
Definition 7.1. A cyclic irreducible C1-presentation is an irreducible C1-presentation of the
form
〈x1, x2, . . . , xn, v || r1, r2, . . . , rn〉,
where the jth relation rj is of the form x
−1
j+1x
wj
j for j ∈ Zn, and some word wj in alphabets
x±11 , x
±1
2 , . . . , x
±1
n , v
±1.
Definition 7.2. A realizable irreducible C1-presentation is a cyclic irreducible C1-presentation
where wj belongs to {v
−ǫxǫ1, . . . , v
−ǫxǫn, v
ǫ || ǫ = ±1}. If wk = v
−1xp, then xp+1 = x
v
p and if
wk = vx
−1
p , then xp+1 = x
v−1
p . Moreover, wj 6= v
−ǫxǫp, v
−ǫxǫk where k 6= j.
In the following result we have used the same technique as described in [37, Lemma 2].
Proposition 7.3. Any irreducible C1-presentation can be transformed to a cyclic irreducible
C1-presentation.
Proof. Let P = 〈x1, . . . , xn, v || r1, . . . , rm〉 be an irreducible C1-presentation. Either m = n or
n− 1. If m = n− 1, we will add one more relation rm+1 = rm and thus we can assume m = n.
Consider a graph Γ associated to presentation P as defined in Section 2. If Γ has two edges eij
and ejk meeting at the vertex xj , then there are relations x
−1
i x
wj,i
j and x
−1
j x
wk,j
k in P. Removing
relation x−1i x
wj,i
j and adding relation x
−1
i x
wk,jwj,i
k corresponds to an operation on Γ as removing
edge eij and adding e
i
k. Clearly this operation does not change the underlying group. Since Γ is
a connected graph and number of edges is equal to number of vertices, Γ has exactly one cycle
C. If length l(C) of cycle C is n, then P is cyclic irreducible C1-presentation and if not, then
since Γ is connected, there is an edge eij such that xi is in C and xj is not in C. Using the
above operation we get a graph Γ′ with cycle C ′ containing all vertices of C and xj . Clearly
l(C ′) = l(C) + 1. Thus after finitely many steps we will get a graph with cycle length n and
consequently, a cyclic irreducible C1-presentation. 
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Proposition 7.4. Every cyclic irreducible C1-presentation can be transformed to a realizable
irreducible C1-presentation.
Proof. On a given cyclic irreducible C1-presentation P perform the following steps in order and
we will get a realizable irreducible C1-presentation.
• Step 1: Make each wj one of the letter in {x
±1
1 , . . . , x
±1
n , v
±1}. For example, let wj =
x4x3v
−1 and rj = x
−1
j+1x
wj
j . Then introduce two more generators say x
′
j and x
′′
j , remove
the relation rj and add three more relations x
′−1
j x
x4
j , x
′′
j
−1
x′x3j and x
−1
j+1x
′′
j
v−1 . Now we
get a new cyclic irreducible C1-presentation presenting the same group.
• Step 2: Let rj = x
−1
j+1x
xǫj
j in cyclic irreducible C1-presentation P. Remove the relation
rj and add two generators x
′
j , x
′′
j and relations x
′
j = x
vǫ
j , x
′′
j = x
′v−ǫ
j , xj+1 = x
′′xǫj
j .
• Step 3: If rj = xj+1x
xǫ
k
j and xk 6= xj , then remove the relations rj and rk = xk+1x
wk
k ,
add three generators xk,1, xk,2,Xj , five relations xk,1 = x
vǫ
k , xk,2 = x
v−ǫ
k,1 ,Xj = x
vǫ
j , xj+1 =
X
v−ǫxǫ
k
j , xk+1 = x
wk
k,2. Moreover, replace xk by xk,2 in words wi in presentation P for i > j.
Do this step in the increasing order on relations.

Corollary 7.5. Any irreducible C1-presentation can be transformed to a realizable irreducible
C1-presentation.
Theorem 7.6. Any irreducible C1-group can be realized as the group of a marked Gauss diagram.
Proof. Let P be an irreducible C1-presentation of a given irreducible C1-group. By Corollary 7.5
we can assume P is a realizable irreducible C1-presentation having n+1 generators x1, . . . xn, v
and n relations r1, . . . , rn. Now take a circle with anticlockwise orientation and mark n points on
it, dividing the circle into n arcs. Label arcs as x1, . . . , xn successively in anticlockwise direction.
Now do the following steps based on the type of relation.
• If rj = x
−1
j+1x
v−ǫxǫ
k
j , then attach a chord whose tail lies on the point joining arcs xk and
xk+1 and head on the point joining xj and xj+1 arc. Assign sign ǫ to the chord.
• If rj = x
−1
j+1x
vǫ
j and there is no relation of the type xk+1 = x
v−ǫxǫj
k then put a node with
ǫ sign on the point joining arcs xj and xj+1.
One can check that the group of this marked Gauss diagram is the group corresponding to the
presentation P. 
Using the above result it is clear that the group G∗ in the Example 5.8 corresponds to some
marked Gauss diagram D.
8. Peripheral subgroup and peripheral structure
It is well known that the fundamental group with the peripheral structure of a classical knot
is a complete invariant of unoriented classical knots. For virtual knots one can define group
system ( [2,25,32,37]) but it is not a complete invariant. For example, if K is the Kishino knot,
then (Gϕ0(K); (m, l)) defined in [2] does not distinguish it from the trivial knot. In this section
we will extend the notion of meridian, longitude, peripheral subgroup and peripheral structure
to marked Gauss diagrams.
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Fix a base point on a circle of given marked Gauss diagram such that it does not lie on the
end points of arrows and nodes. Let us assume we are on the kth circle. Then fix meridian mk
to be the generator corresponding to the arc over which base point lies. Now we will describe
how to write longitude lk for meridian mk. Start moving along the circle from the base point in
anticlockwise direction and write vǫt when passing the tail of an arrow whose sign is ǫ and head
lies on tth circle, and when passing the head of an arrow we use the following rule:
• if the sign of arrow is +1 write v−1n x
vkv
−1
n
i , where the head of arrow lies on k
th circle, and
the tail on nth circle and is the end point of xi labeled arc;
• if the sign of the arrow is −1 write vnx
−1
i , where the tail of the arrow lies on the n
th
circle and is the end point of xi labeled arc;
And when we pass a node we write vǫk where ǫ is the sign of the node. On arriving at the base
point we write m−αk , where α is the sum of the sign of arrows whose head lies on the k
th circle.
Remark 8.1. From now onward through out the paper by a marked Gauss diagram we mean
1-circle marked Gauss diagram.
Let D be a given marked Gauss diagram, m a meridian and l the corresponding longitude.
A peripheral pair of a marked Gauss diagram D is the pair (m, l) and the peripheral subgroup
corresponding to the meridian m of D is the subgroup of ΠD generated by m and l. The pairs
(m, l) and (m′, l′) are said to be conjugate if there is an element g in the group ΠD such that
m′ = mg and l′ = lg. The peripheral structure is the conjugacy class of a peripheral pair of D.
Now we will prove that the peripheral structure of a marked Gauss diagramD is unique and in-
variant under the marked Reidemeister moves. Let ΠD = 〈x1, . . . , xn, v || r1 = x
−1
2 x
w1
1 , . . . , rn =
x−11 x
wn
n 〉 be a presentation of ΠD written down as per described in Section 5. If x1 is a meridian
of D, then l = w1 . . . wnx
−α
1 is the corresponding longitude, where α is the sum of sign of chords
in diagram D.
Proposition 8.2. The peripheral pair and the peripheral subgroup of a marked Gauss diagram
are unique upto conjugacy and thus peripheral structure is well defined. Moreover, the peripheral
structure is invariant under the marked Reidemeister moves.
Proof. Let D be a marked Gauss diagram and choose two meridians m1, m2 corresponding to
two different arcs of D. By construction of the group ΠD there exist g1 and g2 in ΠD such
that m1 = m
g2
2 , m2 = m
g1
1 and l1 = g1g2m
−α
1 , l2 = g2g1m
−α
2 , where l1 and l2 are longitudes
corresponding to meridians m1 and m2, respectively. Now it is easy to see that l2 = l
g1
1 and so
(m1, l1)
g1 = (m2, l2). Thus the peripheral pair and peripheral subgroup of D are unique upto
conjugacy and hence peripheral structure of D is independent of choice of meridian. Now the
invariance of peripheral structure under marked Reidemeister moves can be checked easily. 
Proposition 8.3. Peripheral subgroup of ΠD is abelian.
Proof. By the previous proposition it is sufficient to prove that the subgroup generated by x1 and
the corresponding longitude l = w1 . . . wnx
−α
1 is abelian. From the relations in the presentation
of ΠD we have x1 = x
w1...wn
1 and thus meridian x1 commutes with the longitude l. 
Let G be a group with irreducible C1-presentation P = 〈x1, . . . , xn, v || r1, . . . , rm〉, and g ∈ G.
Then Gv denotes the group 〈x1, . . . , xn, v || r1, . . . , rm, v〉 and gv denotes the image of g in Gv.
It is easy to observe that for any marked Gauss diagram D, the image lv of longitude l belongs
to the commutator subgroup of ΠDv.
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Theorem 8.4. Let G be a group with irreducible C1-presentation 〈x1, . . . , xn, v || r1, . . . , rn−1〉
and l an element of G. If the image of l in Gv belongs to the commutator subgroup of Gv and
l commutes with some conjugate of x1 say x0, then G is the group of a marked Gauss diagram
with peripheral pair (x0, l).
Proof. Since x0 is conjugate to x1, there exist some w in G such that r0 := x
−1
1 x
w
0 = 1. Thus
P = 〈x0, x1, . . . , xn, v || r0, r1, . . . , rn−1〉 presents the group G. We may assume that each
relation in P is of the form ri = x
−1
i+1x
wi
i , i = 0, 1, . . . , n − 1. On adding a redundant relation
rn = x
−1
0 x
(w0w1...wn−1)−1l
n to the presentation gives cyclic irreducible C1-presentation of G. By
Proposition 7.5, we can assume that P is a realizable irreducible C1-presentation and thus is the
group of a marked Gauss diagram, with a peripheral pair (x0, l). 
Corollary 8.5. Let G be a group with irreducible C-presentation 〈x1, . . . , xn || r1, . . . , rn−1〉
and l an element of G. If l belongs to the commutator subgroup of G and commutes with some
conjugate of x1 say x0, then G∗ 〈v〉 is the group of a marked Gauss diagram with peripheral pair
(x′0, l
′), where x′0 and l
′ are natural images of x0 and l in G ∗ 〈v〉, respectively.
Corollary 8.6. Let G be a group with irreducible C1-presentation having deficiency 2. Then G
is the group of a marked Gauss diagram with trivial longitude. In particular, if K is a classical
knot, then GM (K) is the group of some marked Gauss diagram with trivial longitude.
9. Peripherally specified homomorphs
In [46], L. P. Neuwirth asked whether a finitely generated group of weight one is a homomorph
of a knot group. The weight of a group G is defined as the minimum number of elements required
to normally generate G. F. Gonza´lez-Acun˜a [21] and D. Johnson [27] gave an affirmative answer
and proved that for any element µ in group G, where G is finitely generated by the conjugates
of µ, there exist a knot K in S3 and an onto homomorphism ρ : π1(S
3 − K) → G such that
ρ(m) = µ where m is a meridian of K.
A. Edmonds and C. Livingston [18] find sufficient and necessary conditions for a pair (µ, λ) of
symmetric group Sn to be realized as the image of meridian-longitude pair for some knot K in
S
3, and D. Johnson and C. Livingston [28] extend it to knot group representations into general
groups. Later on S. Kim [37] extend these result to homomorphs of virtual knot groups G0(K).
Analogously, we will now investigate the following problem.
Problem 9.1. Let G be a group, and µ and ν be elements in G. Whether there exist a marked
Gauss diagram D and an onto homomorphism ρ : ΠD → G such that ρ(m) = µ and ρ(v) = ν
where m is a meridian of D.
It is clear that G must be finitely generated by ν and conjugates of µ. Fix µ and ν in G with
these properties. We say λ ∈ G is realizable if we can find a marked Gauss diagram D and a
representation ρ : ΠD → G with above properties such that ρ(l) = λ where l is the longitude of
D corresponding to meridian m. The set of realizable elements will be denoted by ΛG.
Theorem 9.2. The set ΛG is non-empty.
Proof. Let G = 〈µ1, . . . , µn, ν〉 where µ1 = µ and µi = µ
wi
1 , 2 ≤ i ≤ n, wi are words in
µ±11 , . . . , µ
±1
n , ν
±1. Using the techniques described in proof of Theorem 7.3 and Theorem 7.4, we
can assume the following things in G:
• µi+1 = µ
wi
i for i ∈ Zn.
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• Each wi is either ν
ǫ or ν−ǫµǫj , where ǫ = ±1. If wk = ν
−1µp, then µp+1 = µ
ν
p and if
wk = νµ
−1
p , then µp+1 = µ
−ν
p . Moreover, wj 6= ν
−ǫµǫp, ν
−ǫµǫk where k 6= j.
Using Theorem 7.6, construct a marked Gauss diagram D corresponding to the following real-
izable irreducible C1-presentation
〈x1, . . . , xn, v || x
−1
2 x
u1
1 , . . . , x
−1
1 x
un
n , 〉
where uj is obtained by replacing µi and ν in wj with xi and v, respectively, 1 ≤ i, j ≤ n.
Clearly, we have a well defined onto homomorphism ρ : ΠD → G mapping x1 to µ1 and v to
ν. 
Let D1 and D2 be two marked Gauss diagrams and p1 and p2 are points on D1 and D2,
respectively, not meeting any chord or node. The connected sum of D1 and D2 at p1 and
p2 is defined by removing a small interval around p1 and p2 not intersecting a chord or a
node and join the end points of remaining diagrams respecting the orientations and we get
a new marked Gauss diagram say D. If ΠD1 = 〈x1, . . . , xn, v1 || x
−1
2 x
α1
1 , . . . , x
−1
1 x
αn
n 〉 and
ΠD2 = 〈y1, . . . , ym, v2 || y
−1
2 y
β1
1 , . . . , y
−1
1 y
βm
m 〉 be their respective group presentations and p1 and
p2 lies on the arcs x1 and y1 respectively, then following is a group presentation of ΠD:
〈x1, . . . , xn, y1, . . . , ym, v || x
−1
2 x
α′
1
1 , . . . , x
−1
n x
α′n−1
n−1 , y
−1
1 x
α′n
n , y
−1
2 y
β′
1
1 , . . . , y
−1
m y
β′m−1
m−1 , x
−1
1 y
β′m
m 〉.
Here α′i and β
′
j are obtained from αi and βj by replacing v1 and v2 by v.
Example 9.3. In Figure 13, connected sum of two non-trivial marked Gauss diagrams D1 and
D2 at p1 and p2 is D. It is easy to check that ΠD ∼= Z∗Z. Moreover, if T denotes Gauss diagram
for trivial knot, then ΠT ∼= Z ∗ Z. But clearly, D is not equivalent to T .
Figure 13. D is the connected sum of D1 and D2 at points p1 and p2
Theorem 9.4. The set ΛG is a subgroup of G.
Proof. By Theorem 9.2, ΛG is a non-empty set. Let λ1, λ2 be two elements of ΛG. Since λ1, λ2 are
realizable, there exist marked Gauss diagrams D1, D2 and onto homomorphisms ρ1 : ΠD1 → G,
ρ2 : ΠD2 → G such that ρ1(x1) = ρ2(y1) = µ, ρ1(v1) = ρ2(v2) = ν and ρ1(l1) = λ1, ρ2(l2) = λ2,
where (x1, l1) and (y1, l2) are meridian-longitude pairs of D1 and D2, respectively. Let D be
a connected sum of D1 and D2 made over the points lying on arcs x1 and y1. Define a map
ρ : ΠD → G such that ρ(xi) = ρ1(xi) (1 ≤ i ≤ n), ρ(yj) = ρ2(yj) (1 ≤ j ≤ m) and ρ(v) = ν.
It is easy to see that the map ρ is well defined onto homomorphism and ρ(l) = λ1λ2 where l
is the longitude corresponding to meridian x1 for D. Moreover, let D¯1 be the marked Gauss
diagram obtained from D1 by reversing the orientation of circle and sign of chords and nodes.
If x¯i denote the arc in D¯1 which was labeled xi in D1, then the map ρ¯1 : ΠD¯1 → G defined by
ρ¯1(x¯i) = ρ1(xi) is well defined and ρ¯1(l) = λ
−1
1 , where l is the longitude of D¯1 corresponding to
the meridian x¯1 for D¯1. 
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10. Problems
In this section we have mentioned some problems.
In [3] are collected different representations of Bn. It is possible to construct some extensions
of these representations to V Bn.
Problem 10.1. Is it true, that any representation of V Bn is equivalent to a virtually symmetric
representation?
Problem 10.2. Under what conditions an irreducible Cm-group, m ≥ 2, can be realized as the
group of a marked Gauss diagram?
Problem 10.3. Can we give a topological interpretation of equivalence classes of marked Gauss
diagrams?
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